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. James $J(X)$ von Neumann-Jordan $C_{NJ}(X)$
. 2 $J(X)$
$C_{NJ}(X)$
, . $X$ 2
, , $S_{X},$ $B_{X}$ . James $J(X)$
non-squareness
$J(X)= \sup\{\min(\Vert x+y\Vert, \Vert x-y\Vert):x, y\in S_{X}\}$
. $\sqrt{}\leq J(X)\leq 2$ , $J(X)<2$ , $X$ uni-
formly non-square (UNS ) . $X$ $J(X)=\sqrt{}$
, . von Neumann-Jordan $C_{NJ}(X)$
$C_{NJ}(X)= \sup\{\frac{\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}}{2(\Vert x||^{2}+||y\Vert^{2})}:x\in S_{X},$ $y\in B_{X}\}$
. $1\leq C_{NJ}(X)\leq 2$ . $C_{NJ}(X)=1$
, $C_{NJ}(X)<2$ UNS . $J(X)$ $C_{NJ}(X)$
2001 Kato-Maligranda-Takahashi [16] :
$\frac{J(X)^{2}}{2}\leq C_{NJ}(X)\leq\frac{J(X)^{2}}{1+(J(X)-1)^{2}}$ . (1)
. , $\sqrt{}\leq t\leq 2$
$f(t)$ , $X$ $f(J(X))\leq C_{NJ}(X)$ ,
$f(t)\leq t^{2}/2$ .
.
$X$ UNS , $J(X)=2$
. 2004 Nikolova-Persson-Zachariades $[$22$]$
:
$C_{NJ}(X) \leq\frac{J(X)^{2}}{4}+1+\frac{J(X)}{4}(\sqrt{J(X)^{2}-4J(X)+8}-2)$ . (2)
Maligranda , :
$C_{NJ}(X) \leq\frac{J(X)^{2}}{4}+1$ . (3)
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Maligranda 2006 , Saejung [6] Maligranda
. 2008 Alonso-Martin-Papini [2] $C_{NJ}’(X)$
, (3) Maligranda
. von Neumann-Jordan $C_{NJ}(X)$
$C_{NJ}’(X)= \sup\{\frac{\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}}{4}:x,$ $y\in S_{X}\}$
. $J(X)^{2}/2\leq C_{NJ}(X)\leq C_{NJ}(X)\leq 2$ . $C_{NJ}’(X)=$
$1$ , $C_{NJ}^{t}(X)<2$ UNS
. 2006 Takahashi[25]
$C_{NJ}’(X)\leq 1+\rho_{X}(1)^{2}$ (4)
([25, Theorem 20]). $\rho_{X}(\tau)$ $X$ modulus of smoothness .
$C_{NJ}’(X^{*})\leq 1+[\sqrt{2C_{NJ}’(X)}-1]^{2}$ (5)
([25, Theorem 21]). $x*$ $X$ .
$\rho_{X}(1)=\rho_{X^{*}}(1)$ . 2008 Alonso
$C_{NJ}(X)\leq 1+[\sqrt{2C_{NJ}(X)}-1]^{2}$ (6)
([2, Theorem 1]). $C_{NJ}’(X^{*})\leq C_{NJ}(X)$ , (6) (5)
.
$C_{NJ}’(X)\leq J(X)$ (7)
([2, Theorem 2]). $X$ modulus of con-
vexity $\delta_{X}(\epsilon)$ , . (6), (7)
$C_{NJ}(X) \leq 1+[\sqrt{2J(X)}-1]^{2}\leq\frac{J(X)^{2}}{4}+1$ (8)
([2, Theorem 3]). Maligranda .
2009 , Yang [Y] Maligranda .
$\sup\{\Vert x+y\Vert+\Vert x-y\Vert : x, y\in S_{X}\}\leq J(X)+\sqrt{4J(X)-J(X)^{2}}$ (9)
, :
$\sup\{\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}$ : $\Vert x\Vert^{2}+\Vert y\Vert^{2}=2\}\leq J(X)^{2}+4$ . (10)
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(10) Maligranda (3) ,
. (10) (3) . (9) (7)
, (9) (7) . ,
(9) (7) .
2009 , Wang-Pang [27, Theorem 1]
$A_{2}(X)\leq 1+\sqrt{J(X)-1}$ (11)
. $A_{2}(X)$ Baronti-Casini-Papini [3]
$A_{2}(X)= \sup\{\frac{\Vert x+y\Vert+\Vert x-y\Vert}{2}:x,$ $y\in S_{X}\}$
. $\rho_{X}(1)=A_{2}(X)-1$ . (11)
$\rho_{X}(1)\leq\sqrt{J(X)-1}$ (12)
. (11) (9) , (12) (4) (7)
. Wang-Pang .
Alonso-Mart\’in-Papini [2, Qestion 1] In all examples we know
the inequality
$C_{NJ}(X)\leq J(X)$ (13)
holds. Does it hold for any Banach space? Does equality hold only when $X$ is
not uniformly non-square?
2009 Wang-Pang [27, Theorem 4] (7) (11)
CNJ(X) $\leq$ J(X) $+\sqrt{}$J(XO$[$ $[$ 1 $+$ $($ 1– $\sqrt{}$7(xO[ )2–I] (14)
. (14) (8) , (13)
. (14) . 2006 Takahashi[25, Theorem
13]
$C_{NJ}(X)\leq 1+\rho_{X}(1)(\sqrt{(1-\rho_{X}(1))^{2}+1}-(1-\rho_{X}(1)))$ (15)
( [26, Theorem 2] ).
$f(t)=1+t(\sqrt{(1-t)^{2}+1}-(1-t))$ (16)
$C_{NJ}(X)\leq f(\rho_{X}(1))\leq f(\sqrt{J(X)-1})$ (17)
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, (14) . Alonso





$C_{NJ}(X) \leq f(\rho_{X}(1))\leq\frac{2}{2-\rho_{X}(1)}$ (20)
. $X$ UNS, $\rho_{X}(1)=1$
. (19) ([26, Theorem 3]).
Theorem 1. Let $X$ be a Banach space. Then
$C_{NJ}(X)\leq J(X)$ , (21)
where inequality holds only when $X$ is not uniformly non-square.
, $C_{NJ}(X)$ $J(X)$ ,
, Alonso . (7)
.
Theorem 2. Let $X$ be a Banach space. Then
$C_{NJ}’(X) \leq\frac{(1+\sqrt{J(X)-1})^{2}}{2}\leq J(X)$ , (22)
where both inequalities are $st$rict if $X$ is uniformly non-square.
(6) (22) (21) .
Corollary 3. Let $X$ be a Banach space. Then
$C_{NJ}(X)\leq 1+(\sqrt{2C_{NJ}’}-1)^{2}\leq J(X)$ , (23)
where the second inequality is strict only when $X$ is uniformly non-square.
(21) .
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Theorem 4. Let $X$ be a Banach space. Then
$C_{NJ}(X) \leq\frac{[\sqrt{2}(J(X)-1)+\sqrt{(J(X)-1)^{2}+1}]^{2}}{J(X)^{2}}\leq J(X)$
,
where the second inequality is strict only when $X$ is uniformly non-square.
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